By the Poincare sections, the dynamical behaviors of the ring string in the AdS-Gauss-Bonnet (AdS-GB) black hole are studied. A threshold value of the Gauss-Bonnet (GB) parameter λ are found by the numerical method, below which the behavior of this dynamical system is nochaotic and above which the behavior becomes gradually chaotic. The chaotic behavior becomes stronger with the increases of GB parameter. It is different from the case in the AdS-Schwarzschild black hole, which is weakly chaotic. Furthermore, we confirm our findings by the Fast Lyapunov indicators. * Electronic address: mdzhbmy@126.com
I. INTRODUCTION
Chaos theory studies the behavior of dynamical systems that are highly sensitive to initial conditions and has been applied in general relativity and cosmology. Due to the integrability of the point particle motion in the generic Kerr-Newman background [1] , to have chaotic point particle dynamics, we have to study some complicated multi black hole geometries such as the Majumdar-Papapetrou geometry [2, 3] , in which the chaotic behavior has been explored in [4, 5] , or charged particles in a magnetic field interacting with gravitational waves [6] , or particles near a black hole in a Melvin magnetic universe [7] , or in a perturbed Schwarzschild spacetime [8] [9] [10] .
Therefore, to have a chaotic dynamics in some simple and symmetric systems, the ring string can be introduced instead of point particle. Some pioneer works have been done to study the chaotic dynamics along this direction. As for the Schwarzschild black hole in asymptotically flat space, it was shown that the ring string dynamics is chaotic [11] .
Furthermore, the chaotic behavior of the ring string is also found in AdS-Schwarzschild black hole [12] , in which they give some concrete evidence supporting their finding in terms of the power spectrum, the largest Lyapunov exponent, Poincare sections and basins of attractions. In particular, they propose that the operators being described by the ring string are generalizations of the Gubser-Klebanov-Polyakov [13] operators and try to extend the AdS/CFT dictionary to include the chaotic behavior, in which they propose that a positive largest Lyapunov exponent on the gravity side corresponds to the appropriate bound for the time scale of Poincare recurrences on the gauge theory side. In addition, there are a number of recent works developing the topic of chaos and nonintegrability [14] [15] [16] [17] [18] [19] [20] and exploring the role of quantum chaos [21, 22] in the AdS/CFT correspondence.
On the other hand, in terms of the point of view of the AdS/CFT, the higher curvature interactions on the bulk are identified with the finite coupling corrections on the dual field theory. Therefore, it is interesting and necessary to study the higher curvature interactions in an effective gravitational theory before string theory is fully understood such that we can broaden the class of the dual field theories one can holographically study. A simple and useful effective gravitational theory including higher curvature interactions is Gauss-Bonnet (GB) gravity, which includes only the curvature-squared interaction. Several holographic models, including the holographic superconductors and holographic fermions, have been explored in this set up [23] [24] [25] [26] [27] [28] [29] [30] [31] . In addition, some holographic studies in the higher curvature interactions theory of gravity, including quasitopological gravity, the gravity theory with Weyl corrections, were also exploited in Refs. [32] [33] [34] [35] [36] [37] [38] [39] . All the above studies can give some interesting and significant results from higher curvature interactions. So, it is interesting to extend the explorations of the study on the dynamical behavior of the ring string in AdS-Schwarzschild black hole in [12] to that in AdS-GB black hole. It is just our subject in this paper.
Our paper is organized as follows. In section II, we present a brief review on GB Black Holes in AdS space. The equations of motion in phase space are derived in section III. We introduce the numerical methods used in this paper in section IV and the corresponding chaos indicators, including Poincare sections and Lyapunov indicator, are calculated numerically in section V. Finally, the conclusions and discussions follow in section VI.
II. GAUSS-BONNET BLACK HOLES IN ADS SPACE
In this section, we will give a brief review on GB Black Holes in AdS space. Conventionally, we consider the following Einstein-Gauss-Bonnet action [40, 41] :
where λ is GB coupling constant. L is the AdS radius and for convenience, we will set L = 1 in what follows. Applying the principle of variation to the above action (1), one can easily obtain the equations of motion:
where
and
The above equation has the static spherically symmetric solution as follows
where M denotes the mass of the black hole and k = 1, 0, −1 corresponds to the sphere, plane and hyperbola symmetric cases, respectively. In this paper, we only focus on the sphere symmetric case, i.e. k = 1, in which
Near the boundary (r → ∞), the redshift factor becomes
So, to have a well-defined Anti-de Sitter vacuum for the gravity theory, the condition λ ≤ 1/8
should be imposed.
III. RING STRING IN GAUSS-BONNET BLACK HOLES
To study the chaotic behaviors of the ring string in the GB black hole, we begin with the following Polyakov action,
which is on-shell equivalent the Nambu-Goto action. Here G ab is the spacetime metric and X a denote the coordinates of the string. g µν is the induce metric on the worldsheet of the string, which is parameterized by the coordinates σ µ = (τ, σ). α ′ relates the string length l s
Following the Ref. [12] , we consider the following embedding
where α plays the role of winding, which denotes the differences between strings and particles.
Here we will work in the conformal gauge, i.e., g µν = η µν . And then, in terms of the metric Eqs. (5), (6) and (7), the Polyakov Lagrangian (9) takes the following concrete form
where the dot represents the derivative with respect τ (the same hereinafter) and we will denote the derivative with respect to r by using prime in what follows. Using the canonical transform, the corresponding Hamiltonian can be rewritten as
where {t, p t }, {r, p r }, {θ, p θ } as well as {φ, p φ } are the canonical phase space variables and
Then, the canonical equations of motion can be calculated as followinġ
From Eqs. (15) and (21), we have two constants of motion p t = E and p φ = l, which relate to the energy and angular momentum, respectively. In terms of these two constants of motion, we have the following reduced Hamiltonian system
fixing the conformal gauge
Before proceeding, we will discuss the conserved quantities of motion in the bulk, which correspond to the quantum numbers of the operator in the dual field theory. Usually, the conjugate momentum can be calculate by
So, we have
In the third equation above, we have defined R := r 2 sin 2 θ, which is the radius of the ring string.
IV. NUMERICAL METHOD
It is well known that a reliable numerical method is the basic tool for investigating nonlinear dynamics, because numerical errors may produce pseudo chaotic behavior. Within the last decade or so, two independent groups have been engaged in the study of controlling numerical errors. One uses the traditional numerical methods such as Runge-Kutta algorithms. However, the low-order methods are full of artificial dissipation and the high-order methods are time-consuming. Especially, they both cannot conserve constancy of any first integrals for long time integration. The other method pays attention to symplectic integrator which is widely used in conservative Hamiltonian system. But it is limited to its application because a given difference scheme should be kept canonical while constructing higher-order symplectic algorithms.
Our aim is to detect chaos in such system in this paper. So we are particularly interested in the numerical effectiveness firstly. To solve the Hamiltonian system of Eqs. (22)- (26), a Fifthorder Runge-Kutta algorithm(RK5) is adopted as the basic integrator. As is shown in FIG.1 , errors of energy for RK5 have nearly the linear growth with time, it means that the integrated coordinates (r, θ) and momentums (p r , p θ ) have deviated the original hypersurface. This will be an adverse effect on the study of chaos later. However, as a pioneering work, the rigorous velocity correction method of energy [42] [43] [44] [45] is a good idea to pull the deviated hypersurface back in a least-squares shortest path. Some numerical examples in the references have shown that the accuracy of numerical solution can be improved greatly by frequently adjustment.
Due to the energy of the system is subjected to the constraint H = 0, it could be treated as a conserved quantity. In this sense, the applicability of velocity correction methods of energy can be implemented here. A dimensionless parameter ζ is used to adjust between the numerical solution (p r , p θ ) and the true value (p * r , p * θ ) in the form of
Substituting Eq.(32) into Eqs. (22)- (26), we can easily determine ζ
where H * = 0. Because it provides great control on energy error when it is employed, the precision of the energy in the system of Eqs. (22)- (26) at every integration step can hold perfectly which is shown in Fig.1 . It is easy to see that the method makes the energy error almost reach to the double precision of machine at every integration step, and it is better than RKF8(9) which is used to compare. It displays sufficiently that this method is very powerful so that it can avoid the pseudo chaos caused by numerical errors.
V. CHAOS INDICATORS
Up to now, it still has no accurate definition of chaos. We consider chaos is a kind of seeming random, chance or irregular movement, which appears in a definiteness system. The most important characteristics of chaos is that it is sensitive to initial value. It should be the method of fractal basin boundaries and so on. Each of the known chaos indicators has its advantages and disadvantages. Since the system of Eqs. (22)- (26) is a three-dimensional manifold, the Poincare surfaces of section, which is regarded as a topologically invariant procedure, is enough to reveal the phase space structure. Lyapunov Indictors are often used in higher dimensional space, they also can be used to check the accuracy of the Poincare section method. Especially, the Fast Lyapunov indicators (FLI) is more effective and faster to reveal chaos orbital than another kinds of lyapunov indicators. So we only focus on this two Chaos indicators in the paper. In the next subsection we will study the effects of the GB parameter on chaos by calculating numerically the Poincare sections and the Fast Lyapunov indicators.
A. Poincare sections
It should be stressed that the choice of orbit is arbitrary in a deterministic system. For the system of Eqs. (22)- (26), we only require the initial value lies in interior of the bounded system. Here, we will set α ′ = 1/π, β = 1 and r H = 1. r H is the horizon radius and satisfies f (r H ) = 0, by which, we can determine the parameter M. In our simulations, the initial conditions of r, θ and p r are given in admissible regions of the system of Eqs. (22)- (26), while the starting value of p θ (p θ > 0) can be solved from Eq.(22) with the energy constraint H = 0 and a given value of λ. The stable region can also be found numerically if the GB parameter λ is fixed. We take r 0 = 5 and θ 0 = 0 for example, some stable regions are given in TABLEI. Chaotic behavior occurs if p r0 is outside the stable region, any track in the unstable region may be chaotic. Periodic orbit region narrows down as the GB parameter increased. In other words, chaotic behavior is more likely to happen in larger GB parameter value.
Without loss of generality, we shall choose the same initial conditions as that in Ref. that the chaotic behavior is stronger with the increases of the GB parameter λ. It should be noted that the dynamical behavior of the ring string on the AdS-Schwarzschild geometry (corresponding to λ = 0 here) is weakly chaotic [12] , which is consistent with our finding here.
To validate the accuracy of our result, we will calculate numerically the Fast Lyapunov indicators (FLI) in the next subsection.
B. Fast Lyapunov indicator
The Lyapunov indicator is often adopted to measure two adjacent orbitals over time with the average separation index, which can be used to determine characteristics (periodic or chaotic) of the orbit. There are two ways to calculate the Lyapunov exponent in the references. One is the variational method, the other is the two-particle method [46] . In Froeschle and Lega [47] used the magnitude of tangent vectors to compute the FLI. Wu et. al. [48] [49] [50] proposed an improved version of FLI with two nearby trajectories is described as F LI(t) = log 10 |d(t)| |d(0)| .
In order to avoid the two orbits expand too fast, a renormalization procedure should be used in the computation of Eq. (34) . So its practical computation satisfies the following requirement
where k stands for the sequential number of renormalization. By using this algorithm, we Again, by using the FLI, we furthermore confirm that when the GB parameter is lower than the threshold, the orbit is regular, and the GB parameter is higher than the threshold, the orbit is chaotic.
VI. CONCLUSIONS AND DISCUSSION
In this paper, we first study the dynamical behaviors of the ring string in the AdS-GB black hole by the Poincare sections. We find that there are a threshold value for the GB parameter λ, below which the behavior of the system is regular and above which the behavior becomes gradually chaotic. As the GB parameter λ increases, the chaotic behavior becomes stronger, which is different from the case in the AdS-Schwarzschild black hole. The dynamical behavior of the ring string in the AdS-Schwarzschild black hole is weakly chaotic [12] , which corresponds to the case of λ = 0 here. But here, we find the strong chaotic behavior in the system of the ring string in AdS-GB black hole for large GB parameter λ. Therefore, the chaotic dynamical behavior of the ring string in the asymptotically AdS spaces is not generic, maybe it also depend on the other bulk parameter of the black hole.
Furthermore, we confirm our findings by the Fast Lyapunov indicator.
In the future, a lot of work and problems deserve our further studies. First of all, we can extend our investigations to the asymptotically Lifshitz geometry or the geometry with hyperscaling violation [51, 52] , where the isotropic between the time and space is broken.
Furthermore, we can compare the role that the asymptotic conditions, the asymptotically AdS and asymptotically Lifshitz background, played.
